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Abstract-Two problems dealing with theory of numbers are considered. First, an unusual integer 
optimization problem characterized by mixed algebraic and number-theoretic constraints is studied, 
which has application in the sharing of secrets or sensitive resources. Next, a linear difference al- 
gorithm is proposed for generating sequences of prime numbers with accelerated growth rate in the 
number of digits produced. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In this note, two problems from number theory are considered. First, an unusual integer optimiza- 
tion problem whose analysis requires a number-theoretic approach is studied. In this problem, it 
will be assumed that Goldbach’s conjecture [l] holds. Every even integer which is at least four 
can be expressed as the sum of two primes, not necessarily distinct. For integers less than 108, 
this conjecture is known to be true. Without significant loss, the problem studied here can be 
assumed to meet the bounds set by this restriction. Next, attention is directed to generating 
sequences of consecutive prime numbers which rapidly grow large. A generating algorithm is 
proposed and investigated numerically. 
Some introductory terminology will be necessary. Let 7r and C be positive integers which are at 
least as large as four. A pair of nonunit integers, (a, b), is called a 2-factorization of n iff n = ab; 
(a, b) is called a 2-partition of C iff C = a + b. For present purposes, it will always be assumed 
that the elements a, b of either a 2-partition or a 2-factorization are nonunit. 
Clearly, every integer N > 3 has associated with it a nonempty set of integers ?‘rN = {ab : 
a + b = N}, with a, b nonunit, and if N is composite, a nonempty set of integers EN = {r + s : 
rs = N}, with r, s nonunit. Thus, every 2-partition N = a + b has associated with it a set of 
nonunit 2-factors for integer ub, and every 2-factorization N = cd has associated with it a set of 
nonunit 2-partitions for integer cd. Implications of these relationships will be dealt with in the 
sequel. 
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2. INTEGER OPTIMIZATION WITH ALGEBRAIC 
AND NUMBER THEORETIC CONSTRAINTS 
PROBLEM I. Find a pair of integers x, y, with product r = xy and sum C = x + y, which 
minimizes the function 4(x, y) = x2 + y2, and which satisfies the following constraints. 
(1) Both x and y are positive, nonunit integers. 
(2) Knowledge of 7r alone does not uniquely determine C. 
This means that r is neither the product of two primes p, q, nor the cube of a prime. 
(3) Knowledge of C alone allows the conclusion that r does not uniquely determine C. 
This means that C is not an even integer, nor of the form p + 2, where p is an odd 
prime. For, if C can be expressed as the sum of two primes p, q, the possibility exists 
that 7r = pq. In this case, C = p + q is uniquely determined from knowledge of 7r, since r 
has a unique 2-factorization possessing nonunit factors. 
(4) Knowledge that C is not even, coupled with knowledge of the value of 7r, allows one to 
infer the value of C. 
How? Knowing 7r, one can make use of the information that C is not even only if an 
odd singleton, s, occurs in the set of nonunit 2-partitions C, = {rr + b : ab = T}. Since C 
is not even, if s is the only odd integer which occurs in C,, necessarily C = s. 
(5) Knowing C but not 7r, and given that Constraints (l)-(4) are satisfied, K can be deter- 
mined. 
Interpretation of this constraint involves an inverse problem. Consider the set 7~ = 
{ab : a + b = C; a, b > 1). For each member, p, of TX, consider the inverse set C, = 
{1+ m : lm = p; 1, m > l}. C will be a member of each set; but more importantly, if 7r 
is to be determined, C will be an odd singleton in exactly one such set, that set which is 
generated by the integer p = T. Recall from Condition (4) that the information C is odd 
is useful only if an odd singleton occurs as an element of C,. Therefore, if C appears as 
an odd singleton in at least two of these inverse sets, there is still uncertainty about the 
value of r. 
3. SOLUTION BY THE METHOD OF NESTED SETS 
Actually, Problem I constitutes a nested sequence of five separate integer optimization prob- 
lems, each of which involves one more constraint than the preceding. These problems are obtained 
by letting PC(i) denote Problem I, but with all constraints after the ith removed. By solving 
each problem in sequence, a number of potential solution points are discarded at each step. The 
successive minimum values of the objective function satisfy G(i) 2 @(i + 1). Once all constraints 
of the problem are satisfied by an integer pair (x, y), usually no more points need be considered, 
as a smaller value of the objective function will not be found. However, if the condition that the 
solution have minimum norm is dropped, the less restricted problem has nonunique solutions. 
PC(l) has the unique solution (x, y) = (2,2); PC(2) has the unique solution (z, y) = (3,4); 
PC(3) has the unique solution (2, y) = (4,7); PC(4) has the same solution as PC(3); and PC(5) 
has the optimal solution (z, y) = (4,13). If the minimum norm condition is dropped, a solution 
of the revised problem PC(5) is (x, y) = (4,37). 
Condition (1) sets a threshold level on solutions of Problem I. By changing the threshold value 
to, say, s,y 2 2n with n a positive integer, the problem is greatly complicated. Particularly, 
the problem is NP-complete. For fixed n, it is easy to verify in polynomial time whether a fixed 
pair (x, y) is a solution, but as n varies, the finding of a solution requires computer operations 
which in number grow exponentially in proportion to variable n. 
If Condition (1) becomes 2, y 2 2 4, the solution to PC(5) now becomes (s, y) = (16,111). 
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4. INFORMATION SHARING 
The nimber theory text of [l] gives the following student project. Two integers x and y 
between 2 and 100 inclusive are chosen. Their sum is given to one number theorist, Sam, and 
their product to another, Prudence. Suppose that, after some thought, the two number theorists 
exchange the following conversation: 
“I don’t know your sum, Sam.” 
“I knew that you didn’t, Prudence.” 
“NOW I know your sum, Sam.” 
“And now I also know your product.” 
What solution pair of integers (2, y) has smallest vector norm? 
It is clear that solution of Problem I is equivalent to solving the student exercise, where each 
successive information exchange reveals more about the solution pair (x, y), and each exchange 
corresponds to one number-theoretic constraint of the problem. The minimum norm condition 
on vector (x, y) simply provides uniqueness of solution. 
It is also clear that the depth of the student exercise places it well above the abilities of the 
average undergraduate student of number theory-an estimate born out by students of a class 
recently taught by the author. 
For the pair (z, y) = (4,23), the final response of Sam is “I still don’t know your product”, as 
there are now three occurrences of an odd singleton resulting from 2-partitioning the sum and 
examining inverse products. 
5. THE GENERATION OF PRIME CHAINS 
Consider a sequence of integers recursively calculated from a linear difference equation P,,+i = 
A * P,, + B, where the integers A, B are relatively prime: (A, B) = 1. Results in the theory of 
numbers [l] guarantee that for any arithmetic progression of form A * n + B, there will be an 
infinite number of primes in the progression. A summary of results concerning the question of 
how many primes appear consecutively is considered in [2]. 
If PI is a prime, the focus here concerns the number of consecutive occurrences of primes in 
the solution of the difference equation. The sequence {PI, Pz, . . . , PA} is said to form a complete 
prime chain of length X iff Px+l is the first composite number in the sequence, and the sequence 
cannot be extended downward (P-1 is not prime). 
A well-known example for the case A = 2 and B = 1 is the Cunningham chain (31 {89,179,359, 
719,1439,2879}, of first kind and length X = 6. The first element of such a chain is called a 
Sophie Germain prime. Such primes are useful in establishing a special case of Fermat’s last 
theorem. 
If A # 1, each prime in the chain can be expressed as 
pk = Ak-’ *Al + B * 
A”-1 _ 1 
A-l ’ 
By Fermat’s little theorem, if 0 < A < PI and k = PI, then PI divides P,C; hence, the maximum 
length of a chain is X, = PI - 1. 
Unfortunately, this bound on chain-length is usually tight. For the cases (A, B) E ((2, Itl), 
(2, f3)}, the bound is realized for Pi < 7. However, in computing practice chain lengths for the 
longest known chains are small compared to the bound imposed by the corresponding starting 
values. The first Cunningham chain of first kind and length X = k3 starts at the initial prime 
PI = 4090932431513069 [3,4]. 
Creation and validation of such primes by the difference method is surely inefficient, if only 
the size of the last element of the prime chain is the important factor. For Cunningham chains, 
the number of digits of a chain element increases bv about one digit per iteration. There will be 
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indicated a difference technique whose efficiency is enhanced, by building into the computational 
process information obtained from observance of computational patterns. 
The first pattern observed in computation is that the digit which is the mod 10 fixed point of 
the difference equation appears as the last digit of every prime in the chain, provided the initial 
prime has this last digit. In the Cunningham chain listed above, each element favors 9 as the last 
digit. Such patterns are usually characteristic of presently known longer chains. 
As another example, for the difference equation P,+i = 2*P,+3, the mod(lO) fixed point is the 
digit 7, and the initial value Pi = 477727 permits a chain of length X = 8. For the Cunningham 
chain of first kind, the first chain of length 8 starts later, at Pi = 19099919. 
However, by computing fixed digits mod(lO”) using correspondingly larger values for A, B, 
many more digits can be added per iteration. As an example, 89 emerges as the mod(100) fixed 
digits of the iteration P,+i = 102 * P, + 11. Two iterations produce the first prime sequence of 
length three: {3389,345689,35260289}. 
Two examples of chains of length four are {144889,14778689,1507426289,153757481489} and 
{315589,32190089,3283389089,334905687089}. In all, eight chains of length X = 4 were found, 
with each starting element under 500,000. Computer word length on the IBM-PC/AT restricted 
search for longer chains, as memory chaining had to be used even for the cases above. 
In the chains shown, the number of digits has doubled in three iterations. True, by restricting 
the last digits, the prime chains found are likely to occur more sparsely than otherwise. But 
we are looking here for a method which produces maximal digits with fewest iterations. It is 
expected that use of a larger computer, as well as more suitably chosen values of A, B could lead 
to very fruitful results. 
It would be interesting to attempt using this method to find primes larger than those now 
known. However, ample computer resources would be required, as well as methods for computing 
and storing numbers which exceed register capacity. 
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